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ract

Three different communication situations are considered for the gen-
, non-degraded, discrete memoryless broadcast channel with two com-
nts. One of these situations includes the case of sending common, but

separate, information to both receivers. For each communication situ-
n a random coding inner bound on the capacity region is derived. An
ple is given showing that in one situation the inner bound contains
s of rate points dominating the time-sharing line. Each capacity re-
is also described by a limiting expression.

The relationship with the results of Cover and Bergmans on degraded
icast channels is brought out, and the connection with other multi-
channels, in particular the channel with two senders and two receivers,

lso shown.

'his paper is not for review; it is meant for publication in a journal.
‘rom January 1, 19TL: Department of Statistics, University of
lochester, Rochester, New York 14627, U.S.A.
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I. INTRODUCTION AND SUMMARY OF RESULTS

In a basic paper Cover [5] analyzed the so-called broadcast channel,
problem being how to send information from a single source simultane-
ly to several receivers. As one of his results, Cover obtained a ran-
coding inner bound on the capacity region of the broadcast channel

the special case when this channel factors out into two binary sym-
ric channels, one of which is noiseless. ‘

Subsequently, Bergmans [4] generalized Cover's results to the case of
discrete memoryless broadcast channel with degraded components, and
;ed and proved in a rigorous way a random coding theorem for this class
thannels.

Recently, Gallager [T] proved a wesk converse, showing that the ran-
coding inner bound obtained by Bergmans is indeed the capacity region
he discrete memoryless degraded broadcast channel.

In the present paper we extend the results of Cover and Bergmans to
general case of a discrete memoryless'broadcast channel with two com-
nts. In particular, the restriction that the broadcast channel is of
aded type is removed. In Section II the definitions and concepts of
paper are developed.

In Section III a random coding theorem is proved for the situation
hich different messages are sent to both receivers. Our proof is based
xisting random coding theorems, which were obtained earlier by Ahls-

[1] and the author [15] for the channel with two senders and two re-
ers. An example, originally due to Blackwell, is presented which

s that it is possible to transmit in this situation at pairs of rates




above the time-sharing line.

Our approach involves the consideration of cascades of multi-way
1els. A theorem is proved regarding the use of pure pre-multiplying
lels. This theorem can be regarded as a first step towards a more gen-
theory of partial ordering of multi-way channels. It is shown that
 is a close connection between the broadcast channel with two com-
its, and the channel with two senders and two receivers introduced
annon [10].

Also, a comparison is made with the Cover-Bergmans random coding

e. It is shown that there are similarities with, but also differences
en our random coding scheme for the present communication situation,
heir scheme for the degraded broadcast channel. Finally, a limiting
ssion is derived for the capacity region in this situation.

In Section IV a random coding theorem is proved for the situation in
one message is sent to both receivers, and another message is sent
ly one of them. This situation resembles the degraded broadcast chan-

except that we do not assume the chaﬁnel to be degraded from the

t. If the channel is of degraded type, the previous communication
tion reduces to the present one. A random coding theorem is proved
leads to an inner bound on the capacity region.

Jur approach in this case is based on the technique introduced by
2de [2], which was further developed by Ulrey [12], for coding for
mel with s senders and r receivers, when all senders send messages
taneously to all receivers. This technique admits the use of non-
»nary sources. Our proof involves also some aspects of the random

; proof given by Bergmans for the degraded broadcast channel.




A comparison is made with the results obtained by Bergmans for the
raded channel. In particular, it is shown that our Theorem 5 incorpor-
s Theorem 1 of [4] as a special result. Also, a limiting expression
the capacity region in this case has been found.,

In Section V a random coding theorem is proved for the situation in
th two different messages are sent to the two receivers, and, in addi-
l, & third common message is sent to both. Our method of proof is a-

. based on the Ahlswede-Ulrey approach for the situation in which all
lers send messages simultaneously to all receivers, but involves as-

s of other multi-way channels as well. A comparison is made with the
om coding inner bounds found for the previous communication situations.
s shown that these can be obtained from the results of Section V as
ial cases. Finally, a limiting expression for the capacity region is

d.

In this paper we have devoted relatively little attention to con-
es, except when deriving limiting expressions for the various capa-

regions. In this connection we should like to point out that in gen-

there is not for gny multi-way channel with two independent receivers
mple outer bound on the capacity region known which coincides with the
le-digits random coding inner bound. Therefore, it is unlikely to find
sfactory outer bounds on the capacity region of the general broadcast
nel, as long as the precise capacity region of the channel with two
ers and two receivers, each one located at a different terminal, re-

s unknown. The study of converses and outer bounds on the capacity re-
of the general broadcast channel might however be the subject of fu-

investigations.
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II. DEFINITIONS AND PRELIMINARIES

Broadcast Channels

A general broadcast channel with two receivers is depicted in Fig. 1.
consists of three terminals, labeled 1, 2, and 3, which are connected
8 noisy chahnel K. At terminal 1 there is a sender (also called en-
ar) Sy’ and at terminal 2 and 3 there are receivers (also called de-
2rs or users) Uz1 and Uz2 respectively. It is the task of S to com-
icate information over the channel to Uz1 and Uz2 as effectively as
s5ible. The information to be transmitted consists of different mes-—
:s which are presented to Sy by different sources. Various communica-
1 situations are possible in this context, since one may wish to send
wrate information and also common information to both receivers. The
:ific communication problems which we consider in this paper shall be
: precise in Section IIB.

The operation of the broadcast channel may be described as follows.
+ each second an input letter y is transmitted to the channel at ter-
1 1, after which output letters 2, and z, are received at terminal 2
3, respectively, according to a transition probability p(z1,22|y). We
rict ourselves throughout this paper to discrete memoryless (d.m.)
dcast channels with two receivers.

Formally, a discrete broadcast channel with two receivers, denoted
A,p(zl,zzly),BTXBz), or by p(z1,22|y), consists of three finite sets
, and 32, having a > 2, b1 > 2, and b2 > 2 elements, respectively,
a collection of probability distributions p(z1,z2|y) on B1XB2, one

sach y € A. The set A is called the input alphabet for the sender Sy
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;erminal 1, whereas B1 and 32 are the output alphabets for the recei-
3 Uz1 and U, at terminals 2 and 3, respectively; p(z1522|y) is inter-

;ed as the probability of receiving output letters 2, and 2, at ter-
1ls 2 and 3, respectively, given that input letter y was transmitted
;erminal 1,

For any positive integer n and any set A we denote by A" the set of

n-tuples (yT,...,yn) with each y; € A. A discrete broadcast channel

>(z1,32|y),B1XB2) is said to be memoryless if
n
P(2y,2,]Y) = 7<=[—]1 P2 1325 19)

all Y = (y1,...,yn) e A", Z1 = (z11,...,z1n) e B?,

(321"°"22n) € BZ, and n > 1. P(Z1,22[Y) is interpreted as the prob-
ity of receiving the n-tuples Z1 and 22 at terminals 2 and 3 respec-
ly, given that the n-tuple Y has been transmitted at terminal 1.

,22|Y) is called the memoryless m-extension of p(z1,z2Iy).
Cleary, every d.m. broadcast channel'p(z1,z2|y) factors out into two

inal d.m. one-way channels defined by

p(z ly) = ) plz;2,ly)

22632

1 ey,

( )
p(z,y L




Like Cover [5] and Bergmans [4], we impose a no-collaboration re-
striction between Uz1 and Uz2' This implies that when one considers the
broadcast channel p(z1,22|y), one may restrict attention to the marginal
channel transition probabilities defined by (2) and (3).

Ahlswede [1] has developed a convenient notation for multi-way chan-
nels. According to his terminology, a d.m. broadcast channel with two
receivers can be denoted by a pair (P,T12), where P refers to the trans-
ition probabilities as defined in (1), and T12 indicates that the channel
has one sender and two receivers, each located at a different terminal.

We shall either use the notation (P,T12) or simply write (1s8,2r) to indi-

cate that we are dealing with a channel with one sender and two receivers.

B. Communication Stituations

In this paper we consider three communication situations. In order
to formulate these properly we first introduce two different communica-
tion systems. In the communication system shown in Fig. 2 two sources
S1 and 52 present two statistically independent messages © and j to the

sender Sy for transmission over the channel. Here 1 < ¢ <M, ) <M,

and each message pair (Z,j) has the same chance of being selected.

1
M1Mé "
Sender Sy maps the message pair (Z,j) into an input sequence Y ¢ A" by
means of a mapping f(Z,J) = Y. Subsequently, the sequence Y is transmitted
over the channel, and output sequences Z1 and Z2 are received by Uz1 and
UzQ respectively, with transition probability P(Z1,ZZIY) defined by (1).

For the present communication system we consider two communication prob-

lems.
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I. S sends two different messages to Uz and Uz2'

1
Thus, given that the message pair (Z,j) has been
presented by the sources to Sy for transmission,

U31 must distinguish Z, and Uz2 must distinguish J e

II. One source output (message J say) is meant for both
Uz1 and Uz2’ whereas the other source output (mes-
sage ) is meant for Uz1 only. In other words, given
that the message pair (Z,j) has been presenfed for

transmission, Ué1 must estimate both < and j, where-

as Uz2 needs to decode only message J correctly.

lext we consider the communication system shown in Fig. 3. Now thr
s present three statistically independent messages 7, j, and k to
1coder Sy for transmission over the channel. In this case 1 < 7 <}
;=Mé, 1 <k <M, and each message triple (Z,j,k) has a chance of
- of being selected. Encoder Sy maps the message triple (Z,J,k) in
;ut sequence Y ¢ A" by means of a mapping g(Z,j,k) = Y. This input
msmitted over the channel and received as the random sequence Z11

1Id as the random sequence Z2 by Uz2‘ For this communication system

isider the following communication problem.

I. The output from source O is meant for U‘g1 and Uz2’
whereas the output from source 1 is meant for Uz1 only,
and the output from source 2 is meant for Uz2 only.
Thus, given that the message triple (Z,j,k) has been

presented for transmission, U_., must estimate the pair

21
(Z,k), and U,, must estimate the pair (j,.k).
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We denote the above three communication situations by (P,T12,I),

II1), and (P,T.,.,III). The problem then is to establish for each

12° 12°

: the regions of attainable rate pairs (R1,R or attainable rate

5)
yles (R1,RQ,RO). In the present paper, though, we will determine mostly
'r bounds on these regions.

The three situations just defined are clearly interrelated. Situa-

. (P,T.,,I) can be regarded as a special case of (P,T., ,III) by taking

12? 122

he latter one Mb =1 (RO = 0). Similarly, situation (P,T,.,II) can be

12°

12,III) by taking now Mé = 1 (R2 = 0).

herefore would suffice to derive a coding theorem only for (P,T

ed upon as a special case of (P,T

10511I)

then obtain the corresponding results for (P,T._ ,I) and (P,T..,II) by

12° 12°

ing the rates RO or R2 equal to zero. However for reasons of clarity
ave judged it more instructive to derive the results of each situa-

separately, and then comment on their interrelationship in the end.
over this approach will enable us to bring out more clearly the rela-
ship with other existing results in the literature.

We remark that communication situation (P,T,,,I) is not always feasi-

12°

as a separate case, since the structure of the channel may not allow

o distinguish between (P,T..,I) and (P,T12,II). For example, the in-

122

lation of a noiseless feedback link from terminal 3 to terminal 2

s (P,T12,I) coincide with (P,T,,,II). Actually, all that is needed to

12%
ge (p,T12,I) into (P,T12,II) is that the channel input-output statis-

for receiver Uz2 are available to Uz . This is the case if the mar-

1

1 channel p(zzly) is a degraded version of the marginal channel

Iy). The degraded broadcast channel was the main channel under consid-




12

eration by Cover [5] and Bergmans [L]. Thus, although one generally needs

to distinguish between attainable rate pairs for (P,T..,I) and (p,T.,.,II)

12°

these two concepts coincide by a degraded broadcast channel.

12°

We will derive separate random coding theorems for (P,T12,I),
(P,T12,II), and (P,T12,III). Since for a degraded broadcast channel the
first two situations coincide, the coding theorems derived for these sit-
uations can both be applied, but the one for (P,T12,II) will usually yield
better results.

We notice that in situation (P,T12,II) the channel is in principle
not assumed to be degraded. On the contrary, the results obtained for
(P,T12,II) do not only apply to degraded broadcast channels, but also to
non-degraded broadcast channels. Our results for the general d.m. broad-
cast channel for communication situation (P,T12,II) incorporate as a spe-
cial case the random coding theorem obtained by Bergmans [4] for the de-
graded broadcast channel with two components.

We conclude by remarking that even for the two communication systems
considered, one can conceive of various ofher communication problems. How-
ever, we have chosen to concentrate on the three problems selected above,

since we believe that these are conceptually the most important and in-

teresting ones. We also remark that communication situation (P,T . ,III)

12°
resembles the problem considered by Slepian and Wolf [11], except that
chese authors assume two encoders and one decoder, whereas we consider

she reverse situation of one encoder and two decoders.
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‘ascades Of Multi-Way Channels

For the development of this paper we shall need the use of other
i-way channels. Following Ahlswede [1], we denote by (P’Tsr) a d.m.
nel with s senders and »r receivers, each one located at a different
inal, and with transition probability matrix P. The broadcast channel

two components is denoted by (P,T12). In addition we shall need the

nels (P,T21), (P,T22), (P,T31), and (P,T32), which will be discussed

rnatively we may write (2s,1r). This channel was investigated by

) stands for a d.m. channel-with two senders and one receiver.

wede in [1] and [2], and by the author in [15]. The main communication
ation under consideration for (P,T21) is the one in which both senders
information simultaneously to the single receiver. Ahlswede ([1] and
has found two simple characterizations of the capacity region of this
nel.

A d.m. channel with two senders and two receivers each located at a
erent terminal is denoted by (P,T22) or by (2s,2r), Various communi-
on situations can be considered for this channel. Communication situ-

a (P,T.,,I) denotes the case in which each sender sends to a 4differ-

22?

receiver. (P,T22,II) denotes the case where each sender sends infor-

on simultaneously to both receivers. (P,T.. ,III) stands for the situa-

22°
where one sender sends to both receivers, and the other sender sends
11y one receiver. Channel (P,T22) was introduced by Shannon [10],

> work on the two-way channel suggested inner and outer bounds on the

»ity region of (P,T22,I). These bounds were later made precise inde-




mtly by Ahlswede [1] and the author [15]. A complete and simple char-
ization of the capacity region of (P,T22,II) was given by Ahlswede
The case (P,T22,III) has bot been studied yet, but will play a role
r investigations of situation (P,T12,II).

Consider now the cascade of a channel of type (P,T21) followed by a
el of type (P,T12), as shown in Fig. 4. Here the output of the
r)-channel is the input to the broadcast channel. The resulting chan-
s of type (P,T22)-

Mathematically this can be written as follows. Let

z1,22|y),B1XB2) be a d.m. channel of type (P,T12), denoted by K. Let

2,q(y|x1,x2),A) be a d.m. channel of type (P,T21), denoted by Eq.

the output alphabet of Eq equals the input alphabet of K. The cascade
followed by K is defined to be the (2s,2»)-channel

E,p(z1,32|x1,x2),B1XB2) whose transition probabilities are given by
p(z1,z2|x1,x2) = yzAkp(z1,zzly)q(y|x1,x2).

note this cascaded channel by EqK.
Since Eq and K are memoryless, so is EqK. More precisely, since the

ansion of K is given by (1), and the n-extension of Eq is defined by
n

-extension of EqK satisfies
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(6) P(2,,2,|X,,X,) = ] P(2,,2,|1)Q(2]x,,x,)

Ye

n
IQ P2 g2 |25 070)

Clearly, EqK factors out into two marginal d.m. channels of type
(P,T21) with probability functions p(z1|x1,x2) and p(32|x1,x2) respective~
1ly.

(P,T31) denotes a d.m. channel with three senders and one receiver,
each located at a different terminal. Alternatively we write (3s,1r) to
denote this channel. Channel (P,T31) was first investigated by Ahlswede
(1], who found a simple characterization of its capacity region for the
communication situation denoted by (P,T31,I) in which all senders send
tessages simultaneously to all receivers. Recently, Ulrey [12] character-
ized the capacity region of the general channel (P’Tsr) for the situation
in which all senders send messages simultaneously to all receivers. His
results apply in particular to channel (P,T31) and yield an alternative
haracterization of the capacity region of (P,T31,I). In [17], the author
las given a canonical approach to finding weak converses for (P’Tsr)'

(P,T32) stands for a d.m. channel with three senders and two receiv-
:rs, and is also denoted by (3s,2r). We distinguish two communication sit-
1ations for this channel. Situation (P,T32,I) denotes the case in which
rach sender sends information simultaneously to each receiver. Ulrey's
‘esults on the general channel (P’Tsr) yield as a special case a simple
‘haracterization of the capacity region of (P,T32,I). Communication situ-
tion (P,T32,II) stands for the case in which two of the three senders

end separate information to the two receivers, whereas the third sender
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s common information to both receivers. To our knowledge, situation
32,11) has not been studied yet, but it resembles situation
H2,III), and as such it plays a role in our investigations.

Consider now the cascade of a channel of type (P,T31) followed by a
nel of type (P,T12), as shown in Fig. 5. The output of the (3s,1r)-
nel is the input to the broadcast channel. The resulting channel is of

(p,T..).

32
More precisely we can describe this cascading pfocess as follows. As
re, let (A,p(z1,32|y),B1XB2) be a d.m. channel of type (P,T12), de-

d by K. Let (A1onxA2,q(y|x1 ,xo,xz),A) be a d.m. channel of type

31), denoted by F&. Thus the output alphabet of Fq equals the given
t alphabet of K. The cascade of Fq followed by K is denoted by F&K,
is defined as the (3s,2r)-channel (A1xA0xA2,p(z1,ze|x1,xo,xQ),B1XB2)

e transition probabilities are given by

p(z1,32|x1,xo,x2) = yZA p(z1,z2|y)q(y|x1,x0,x2).

As before, FqK is memoryless, because Fq and K are assumed memoryless.
precisely, the n-extension of K is given by (1), and the n-extension

7 is defined by
n
Q(‘YIX1 9X09X2) = kl;—‘]l q(kalx'lk’xok’xEk)'

:fore the n-extension of FqK satisfies




P(2,:2,| XX 0X,) = ] P(2,,2,|1)Q(2]X,,X,,X,)

yeA

n
= 171 P(Bg 525 |20 800 20 ) -

k=1

The cascaded (3s,2r)-channel FqK factors out into two marginal d.m.
els of type (P,T31) whose probability functions p(z1|x1,x0,x2) and
x1,xo,x2) are obtained by summing in (7) over 3, or z,, respectively.
A new notion used here is that of a cascade of two multi-way chan-
whereas ordinarily one considers only cascades of one-~way channels.
cascades turn out to be very useful in proving random coding theorems
ituations (P,T12,I), (P,T12,II), and (P,T12,III). The main idea used

oving a random coding theorem for situation (P,T,.,I) is that we have

12°
d a "merging" (28,1r)-channel in front of the broadcast channel,

r than a satellizing one-way channel, as was done by Cover [5] and
ans [4]. For communication situation (P,T12,II) the use of a merging
2l leads to the same results as the use of a satellizing channel. In

1g a random coding theorem for situation (P,T12,III) we consider cas-

of the type EbK.

les And Rates

le now give the definitions of a code and a capacity region for each
: three communication situations considered.
‘i) Communication situation (P,T12,I). A code (n,M1,Mé) for a channel

»I) whose transmission probabilities are defined by (1) is a system




19

B ,Dj) | 7:=1$°°°9M1§ j=1,...,M2},

0 7 0 . .
e wij e A, Bi c 81, Dj c 82 for all z=1,...,M1; g=1,...,Mé, and

B., = ¢ for % 77, Dj n Dj' = ¢ for § # §'. A code (n,M1,Mé) is an

M ,\,,\.)-code for (P, T12, I) if

1772271202
3 % ;)
— 7 P(B.|w,.) 2 1=}
MMy 521 g=1 v
Mo

\

— V) P(D.lw..) 2 1-r,.
MMy z21 j=1 J 2

A pair of non-negative real numbers (R1,R2) is called a pair of

svable rates for (P,T..,I) if for any (A1,A2), 0 < XA, <1, and any

12°

. 1
) there exists an (n,M1,Mé,A1,X2)—code such that nlog2 M1 ;=R1—e and

2 __R -e for all sufficiently large n. The capacity region of chan-

(P,T I) is the set of all pairs of achievable rates for this channel,

12°

is denoted by G(P T12, ). In Section III we derive a random coding in-

12’ I).

(ii) Communication situation (P,T

>ound on G(P,T

12,II). A code (n,M1,M2) for chan-

(P,T,,,II) with transmission probabilities defined by (1) is a system

12?

wza oy DJ) | 2 =loeesMy J=1,..0 0.},

n 0 0 . .
2 w.. € A, Bij c B1, Dj c 32 for z=1,.,.,M1; J=1,...,Mé, and

) Bi'j' = ¢ for (Z,7) # (£',4'), Dj n Dj' = ¢ for g # §'. A code
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(n,M1,Mé) is an (n,M1,Mé,AT,A2)—code for (P,T12,II) if
I
(1k4) e P(B,.|lw..) > 1-A
MMy 521 j=1 W !
and
1 M1 M2
(15) TN 2 E P(Dglwzg) > 1—)\2.

172 2=1 g=1

A pair of non-negative real numbers (R1,R2) is called a pair of
achievable rates for (P,T12,II) if for any (A1,A2), 0 < A1,A2 < 1, and

. 1
any € > 0 there exists an (n,M1,M2,A1,A2)—code such that nlog2 MH ;=R1-a

and %1og2 Mé ;zﬁé—e for all sufficiently large n. The capacity region of

channel (P,T..,II) is denoted by G(P,T.,.,II) and is defined as the set of

122 12°

all pairs of achievable rates for this channel. In Section IV we derive

a random coding inner bound on G(P,T.,.,II).

12?2

(iii) Communication situation (P,T..,III). A code (n,M1,Mé,Mb) for

12°
channel (P,T12,III) with transmission probabilities defined by (1) is a

system

(16) {(wijk,Bik,Djk) | ol ORIV 3 J=1se0 sy k=1,...,Mb}

1° 23
t‘—“],...,MOa and Bﬁk n B’L"k' = ¢ for (Z,k) # (Z',k'), and Djk n Djrkr =9

“or (J.k) # (4',k"). A code (n,M1,Mé,Mb) is an (n,M1,Mé,Mb,A1,A

n n n , .
vhere wijk e A", Bik c B Djk c 32 for $=1,...,M1; J=1,.4.,M

2)—code

or (P,T,,,III) if

122




T 1? Iéz ﬁ;o' l
P(B. |w. .. )
MMMy =1 g=1 k= kigk

v

1-2

My My My

TR ) ) Y P(D.|w..) > 1-A..
M1M2MO =1 g=1 k=1 Jk'Tigk’ = 2

A triple of non-negative real numbers (R1,R2,RO) is ¢

chievable rates for (P,T,,,III) if for any (A1,A ), O

12° 2

any € > O there exists an (n,M1,Mé,Mb,A1,A2)-code such

~€, %10g2 Mé ;=R2—e, and %1og2 Mb ;=Ro—e for all suffi

capacity region of channel (P,T,.,III) is defined as t

12°

les (R1,R2,R0) of achievable rates for this channel, a

(P,T. ,III). In Section V we shall derive a random cod

12°

1e region G(P,T III).

120

21

708y M,
¥y large n.
. of all
denoted

ner bound
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III. RANDOM CODING THEOREM FOR (P,T..,I)

12°

A. Mutual Information Functions

Let (A,p(z1,22|y),B1XB2) be a d.m. channel of type (P,T12), whose
transition probabilities for operating with blocks of length »n are defined
by (1), and which is denoted by K. Let (A1XA2,q(y|x1,x2),A) be a d.m.
channel of type (P,T,,) denoted by E’q. Let (A1><A2,p(z1,22|x1 s%,) 3B, xB,)
be the cascade of Eq followed by K as defined by (L), and denoted by EqK.
Eé can be regarded as a parameter-channel for the given broadcast channel
K, since by varying Eq we can generate a whole class of channels EqK,
each one being of type (P,T22).

Let again Eq = (ATXAQ,q(ny1,x2),A) be fixed, and let p (x,) be a
probability distribution on A1, and p2(x2) be a probability distribution
on AQ. We define mutual information functions J13(p1,p2,q) and Jzu(p1,p2,q)

as follows. On A1><B1 we define the probability distribution

(19) p(x1,z1) = ) p(z1|:;r:1 ,:cg)p1'(:z:1)p2(x2),
.’X)EE

and on A2><B2 we define the probability distribution

x €A
171
We define the conditional probabilities p(z1lx1) and p(zQIxz), and the
marginal probabilities p(z1) and p(zz) in the usual way in accordance with
(19) and (20).

Yow let




p(z,|=,)
J13(P1:P2=CI) =t 1.052 p(31)

‘e the expectation £ is taken with respect to (19). Similarly

p(2,|=,)
Jgh(p1,p2,q) =t log2 —p-(—é—a—)—

‘e the expectation is taken with respect to (20). Thus J13 ar
tions of the parameters pysPys and q.
Now, by letting p, and p, vary, ve define for each fixed pe

nel Eq = (A1XA2,q(y|x1,x2),A) the collection

CI(Q) = {(J13(p1 ,PesQ) sth(p»‘ :p29Q) ) H
p, & p.d. on A1, p, & p.d. on A2}.

Next letting q vary we define the set

e the union is taken over the collection of all d.m. (2s,1r)
ith given output alphsbet A.

Finally let

GI = co(CI)

: co(4) means the convex hull of the set 4.




2k

B. Pure Parameter—Channels

A discrete channel is said to be deterministic or pure if only zeros
and ones occur as its transition probabilities (cf [3], p. 51). Thus the
parameter-channel E& = (A1XA2,q(y|x1,x2),A) is pure if and only if
q(ylx1 ,xz) =0 or 1 for all L1sTys and y. We now show that the set GI de-
fined in (25) remains unchanged if in (24) we take the union only over the
collection of pure éarameter—channels Eq which have A.as given output al-
phabet.

Let us define

(26) DI = 8' CI(q)

where g' denotes the union over all puyre (28,1r)-channels E& with given
output alphabet A.

Then we have

Theorem 1: It suffices in (2L4) to také the union over all pure chan-

1els Eq without altering GI' Thus
27) G, = co(D

Proof: Let Eq = (A1XA2,q(ylx1,x2),A) be any parameter-channel for K.
et a, and a, denote the size of A1 and A2 respectively, and let t=aa1a2.
wccording to the discussion at the bottom of P. 392 of [9], the transi-
ion probability matrix Hq(y]x1,x2)ﬂ can be written as a finite weighted

um of the transition probability matrices of ¢ pure channels. More pre-




ly, there exist ¢ pure channels Ea = (A1><A2,qa(y|x1,x2

3 probability distribution {gu:a=1,,..,t} such that

¢
q(ylzsz,) = GZT 9,3, (ylz 5z,).

:ach such Ea let
Po (813, ]25m5) = ZA p(zy52,ly)q, (yle, sz,
ye ,

'ly, from (4) and (28) we have

t
p(z1,z2]x1,x2) = QZ1 gapa(z1,32|x1,x2).

Now, let p1(x1) be a probability distribution on A1 ar

ty distribution on A2, Define, for o=1,...,¢t,
P, (852,57, 52,) = pa(z1,22|x1,x2)p1(x1)p2(x2),

erive from it pa(z1|x1),pa(32|x2),pa(z1), and p_(z,) i

we have

pzglx;) = Z 9P, (3 lx;)

p(z;) = Z g,p,(2;)
a=1
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Moreover, it follows from (21) and (22) that

pa(z1|m1)

(32) J13(p1 ,p2,qa) = E | log, W
and

_ pa(z2|x2)

(33) th(P1=P2,qa) i E lOg2 —E;TEET_—

It is well-known that J13(p1,p2,qa) and J,
functions of the transition probabilities pa(z1

tively (see [6], p. 90). Therefore we have

(34) I13(P1Pp9) < 051 9713(P1+Pp,)
and

t
(35) I, (PyP5sq) < a; 94701, (P13P5s4,) -
Consequently,
(36) (715(P15P55q) 595, (P15P5q)) € co(Dp)
and hence

(37) C; = co(D;)
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h completes the proof of the theorem.

Conjecture 1: We conjecture that (27) remains valid if in (26) the

n is taken over onlj those pure channels Eq for which a, = min(a,b1),

1

a, = min(a,bz). A proof of this conjecture might possibly be given

g the lines of Gallager ([6], p. 96) or Gallager ([7], Lemms 1).

he Coding Theorem

Theorem 2: (i) The region GI is a closed convex region in the Eu-
ean plane.
(ii) The region GI is contained in the capacity region

T..,I). Thus

122

GI c G(P,T12,I).

Proof: (i) This part follows from Theorem 3.10 of Valentine [13,
0]. (ii) By Theorem 1 it suffices to show that for each pure channel
(A1xA2,q(y|x1,x2),A) every point in CI(q) is a pair of attainable

s for (P,T ). By concatenation it will then follow that each point

12’I
T is an attainable pair.
For each g the channel EqK, whose probability function is given by
is of type (P,T22), and therefore one may apply to it known results
the d.m. (2s,2r)-channel. It follows from results of Ahlswede ([1],
ion 2), or alternatively from results of the author ([15], section 6),

for each g every point in CI(q) is an attainable pair of rates for

in communication situation (P,T22,I),




An (n,MA,Mé,A1,A2)—code for EqK in situation (P,T22,I) is a system

(39) {ui,vj,Bi,Dj|i=1,...,M1; J=1,....M,),

n n n n . .
where u. € A1, vj € A2, B, < B1, Dj c 52 for =1, 51,5 J=1,...,M,, and

Bi n Bi’ =¢ for 2 # 7', Dj n Dj' = ¢ for § # §', such that

M, M

- |
(ko) — )} ) P(B.lu.,v.) 2 1-A
MMy 21 g2 T !

and
1 M1 Mé
(k1) ST Y Y P(Djlui’vj) ;=1—A2.

172 =1 F=1

Here the error probabilities are based on P(Z1,Z2|X1,X2) defined in (6).

If Eq is pure, then any (n,M1,Mé,A1,A2)—code for EqK in ‘communication
situation (P,T22,I) can be translated into an (n,M1,Mé,A1,A2)—code for X
in communication situation (P,T12,I) as follows. Let Eq be pure. Then @,
the memoryless n-extension of g, contains only zeros and ones. Let be

given the code (39). For all pairs (ui’vj) belonging to (39) define wij=y

if Q(Y]ui,vj)=1. Then

P(Bilui,vj) Y P(BiIY)Q(YIui,vj) = P(Bilwij).

YeAn

Similarly

P(D.|lu.,v.) = P(D.|w..).
( Jluz, J) ( Jl 7,J)
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'efore the system

' {wij,Bi,Dj|i=1,..,,M1; J=10..,M,}

s an (n,M .M AT,Az)-code for K for communication situation (P,T

—I’ 2} I)'

122
ollows that every point in CI(q) is a pair of attainable rates for K

ituation (P,T12,I) whenever Eq is pure. This completes the proof.

omparison With The Cover—Bergmans Scheme

Cover [5] and Bergmans [L] exhibited a random coding scheme for re-
tively binary symmetric broadcast channels and degraded broadcast chan-
in communication situation (P,T12,II). For the Cover-Bergmens scheme
sxpected value of the average probability of error goes to zero in
directions simultaneously as the block length »n tends to infinity.
rated by the proof of Theorem 2(ii) we now exhibit a random coding

ne for the general d.m. broadcast channel in communication situation
|2,I), which has the same property. Our random coding scheme can be
*ded as the analogue of the Cover-Bergmans scheme in the case of non-
ided broadcast channels.

Suppose in (26) we take the union over only those pure (2s,1r)-chan-
Eq for which a,=a,=a, i.e. such that Eq is of the form

,q(y|x1,x2),A). Then, after teking the convex hull as in (25) we ob-

a region which is contained in GI and which by Theorem 2 is contained

p,T.,,I).

12°

More precisely, denote by g* the transition probability function of
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any pure parameter-channel Eq* = (AXA,q*(y|x1,x2),A) for which the input
alphabets are equal to the given output alphabet A. It follows from the
proof of Theorem 2(ii) that for every such ¢* every point in CI(q*) is a
pair of attainable rates for Eq*K in communication situation (P,T22,I),
and a fortiori is a pair of attainable rates for X in communication situ-

12’1)'
Let Eq* = (AxA,q*(y|x1,x2),A) be given, and let p1(x1) and p2(x2) be

ation (P,T

two probability distributions on A. Let € > 0, and 0 < A1,A2 < 1. Denote
the point (J13(p1,p2,q*),Jéh(p1,p2,q*)) in CI(q*) by (J1,J2). According to
the proof of Theorem 2(ii) there exists for all sufficiently large n an

(n,M1,Mé,A1,A2)—code for Eq*K in situation (P,T12,I) such that

n(J1—e) n(JQ—e)
(43) M, > 2 and M, > 2 .

1 2
This code is a system which is described by (39) except that u; € A"
and vj e A’, It can be translated into an (n,M1,Mé,A1,A2)—code for K in
situation (P,T12,I) by the rule which designates Y ¢ A" to be the codeword
wij if Q*<Y|ui’vj)=1’ where Q" is the memoryless n-extension of g*. The
resulting code for K is described by the system (42). We are now ready to

formulate our random coding scheme.

n(J,-¢)
Choose at random M1 22 ! horizontal cloud centers u1,...,uM
: 1
in A with letters independently drawn according to p1(x1). At the same
n(J -¢)
time, choose Mé 22 2 vertical cloud centers Vyseeesly in A" with

2
letters independently drawn according to p2(x2). The horizontal and ver-

tical cloud centers are depicted in Fig. 6. Their meaning will become ap-

parent shortly.
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Suppose the sources S1 and 52 present the message pair (Z,j) to Sy
transmission over K according to (P,T12,I). Then the pair (ui’vj)’
isting of one horizontal and one vertical cloud center, is mapped in-
he common satellite codeword wij determined by Q*(wijlui’vj)=1' Sub-
ently, the codeword wij is transmitted over the broadcast channel X.

Uz1 must decode index 7 correctly, while user U’g2 should decode in-
J correctly.

The set of codewords wij with same index 7 constitutes a horizontal
d of points in An, which is represented by the cloud center U It is
icient for U21 to determine to which horizontal cloud the transmitted
vord wij belongs, or, in other words, its representative U The dif-
1t wij in a given horizontal cloud can be regarded as satellite code-.

5 relative to ui. Namely, the codewords w. can be thought of

9e e s sl
21 zMé

>tained by running u; Mé times through an artificial channel with

sition probability function

n(yle,) =} q*(ylx1,x2)p2(xé).
xgeA

Similarly, the set of codewords wij with same index j forms a verti-
:loud of points in An9 represented by the center vj. It is sufficient
;2 to determine the vertical cloud to which the transmitted codeword
elongs, i.e. its representative vj. The different wij in a given ver-
cloud can be regarded as satellite codewords relative to vj. Namely
odewords w1j""’wM 3 can be thought of as obtained by running vj

1
mes through an artificial channel with transition probability func-
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) plylay) = q*(y|x1,x2)p1(ac1).

x1eA

Thus our random coding scheme has the simultaneous effect of running
. horizontal cloud center u; Mé times through an artificial channel
x1), and running each vertical cloud center vj M1 times through an
ficial channel p(ylmé). The codeword W, ; is a common satellite belong-
to both the horizontal cloud with center Uss and the vertical cloud
. center vj. ‘

The results of Ahlswede [1] and the author [15] which are referred
1 the proof of Theorem 2(ii) are based on a random coding argument for
22,1). From these proofs it follows that for the random coding scheme

described (when supplied with the appropriste maximum likelihood
ding sets) the expected value of the average probability of error goes
ero for both directions simultaneously as #n tends to infinity. From

result follows the more precise statement about the existence of an
1,M’2,A1,A2)—cod,e for K in situation (P,T12,I) for sufficiently large

An alternative proof of Theorem 2(ii) can be given along the lines
1e proof of Theorem 1 of [4], if one replaces expression (26) of [4]

1 unconditional decoding set, and modifies the corresponding random
1g proof accordingly.

For a comparison of our random coding scheme with the Cover-Berg-
scheme, suppose that the codeword wij has been transmitted. In the
-Bergmans scheme Uz2 should decode the cloud center vj to which wi'
\gs, whereas Uz1 should decode wij conditional on the cloud center v..

ir random coding scheme U32 should also decode the cloud center vj to




1 wij belongs, but Ué1 should decode wij averaged over all vertical

1 centers vj’ or, in other words, Uz1 should decode the horizontal

1 center Use Our procedure is of course symmetric in ¢ and j. This
1ssion shows that there are striking similarities but also major dif-

lces between our random coding scheme and the Cover-Bergmans random

1g scheme.

. Example By Blackwell

Blackwell, in 1963, in a course on information theory at Berkeley,
duced the broadcast channel through the following example.
Consider the (1s,2r)-channel K = (A,p(z1,z2|y),B1XB2) with

0,1,2}, B1 = 32 = {0,1}, and the transition probabilities defined by
P(z,=0,2,=1[y=0) = P(z,=1,2,70y=1) = P(z,=1,2,=1|y=2) = 1.

arginal one-way channels of K, denoted by K1 and K_, have transition

silities p(z1|y) and p(zzly) given by Table Ia and Ib respectively.

TABLE la TABLE 1Ib
2 2
L 0 1 2 0 1
y
) 1 0 0 0 1
: 0 1 1 1 0
> 0 1 > 0 1
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It is easily verified that there does not exist a post-multiplying

nel K3 such that K2 can be represented as the cascade of K1 followed

é. In other words, K2 is not a degraded version of K1,
. degraded version of Ké. Therefore, the present example of a broadcast

nel does not fall in the class of degraded broadcast channels consider-

and neither is

n [4] and [5]. We observe though, that K1 and K2 can be obtained from
other by pre-multiplication by a third channel. Thus, K1 and K2 are
valent one-way channels in the sense defined by Shannon [9], but they

not degraded versions of each other.
Clearly, the capacities of the d.m. one-way channels K1 and K2 are
equal to one. Therefore, by time-sharing, all pairs (R1,R2) such that

.0, R, 2 0, and R1+R2 < 1 are pairs of attainable rates for XK in situ-~

2

n (P,T.,,I).

12°
Blackwell proposed as a problem to find the capacity region G(P,T12,I)
he present channel. He noted that always R1+R2 ;log2 3, so that the

t (.793,.793) is outside the capacity region.

Using Theorem 2 we found that all points within and on the boundary

he shaded region shown in Fig. 7 are pairs of attainable rates for K

ituation (P,T ). This shaded region is the convex hull of the

I
12°
ts (R1,R2) = (H(p),C(p)) and of the points (R1,R2) = (C(p),H(p)) as p

es between zero and one, where

H(p) = —ploggp—(1-p)log2(1—p)
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log2 [1+exp2(- %égl)] if 0 ;;p'< 1

0 ifp=1.

In applying Theorem 2 we have three parameters q,pT, and p2 at our
»sal. First we make a particular choice, Eq' say, for the pure para-

-chennel E = (A1XA2,q(y|x1,x2),A). Let A, = A, = {0,1} and let the

2
;ition probabilities q'(y[m1,x2) be given by Table II.

TABLE 11
- Y 0 1 2
12%2
0 0 1 0 0
0 1 1 0 0
10 0 1 0
1 1 0 0 1

we form the cascade of Eq, followed by K with channel probsability
;ion defined by (4). The transition probabilities of the correspond-
rarginal (2s,1r)-channels p(z1|x1,x2) and p(22|x1,x2) are given by

s ITITa and IIIb respectively.




TABLE Illa TABLE 111b

°1 0 1 z.x K 0
172

0 1 0] 0 O 6]

1 1 0 0] 1 0]

0 0 1 1 0 1

1 0 1 1 1 0]

With this choice of q expressions (21) and (22) reduce to

I13(PysPpsq") = H(py()

Ion(Pyapysq ') = H(Peo‘p1op20>'P20H(p1o)

e p10=p1(0) and p20=p2(0). We observe that C(p) is the capacity of

binary channel whose transition matrix is

Ash [3], p. 85.) It follows that, for each fixed choice of Pio>
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298 (B(pygP10P0) Pagf(P1g)) = €lpyg)-
rerefore suffices to plot the points (R1,R2) = (H(p),C(p)) for

> < 1, together with the point (1,0), and to take their envelope, in
r to obtain the region CI(q').

Next we choose a different parameter-channel, denoted by Eq"’ whose
s5ition probability matrix is dbtained by changing the first row of

s IT into the assignment (0,1,0) and leaving the other rows the same.
ymmetry we find that CI(q") is the envelope of the points (R1,R2) =

(p),H(p)) as p ranges from zero to one, together with the point (0,1).

By taking the convex hull of all pairs so cbtained we get the region

G1 = co(Cr(q") U C;(q"))

1 is depicted as the shaded region of Fig. T. Clearly

GI c G(P,T,,,I). In view of conjecture 1 we believe that GI=Gi' We

12?

>t know whether Gi is also the capacity region G(P,T.,,I) of the

12°

ant channel.

A brief inspection of the weak converse leads us to believe that the

owing conjecture might be true.

Conjecture 2: An outer bound on the capacity region G(P,T.,,I) of the

12°

sant example is provided by the region




{(p,E(p)): 0 < p < 1}

=
5
O
R
(0]

do
[
fia

(9]
I

o = {(#(p)p): 0 <p < 11

The contours of the conjectured outer bound GO and of the naive outer
bound R1+R2 < log2 3 are sketched in Fig. T. They are seen to have a line

segment in common.

F. A Limiting Expression For G(P 12,1)

We proceed as Shannon did in section 15 of [10]. Let be given the
d.m. broadcast channel X = (A,p(z1,z2|y),B1XB2), and consider its memory-
less n-extension K* = (An,P(Zl,Z2|Y),B?XBZ) with transmission probabili-

ties defined by (1). K' is also a (18,27)~channel. For each n > 1 let
n_n n

(58)  Ep = (AA",Q (¥]x,,X,) A"

be a pure parameter-channel of type (P,T21) with input and output alpha-

bets all equal to the given set A", Thus, the matrix HQn(Y|X1,X2)H con-

tains only zeros and ones, but is not necessarily a product-channel., Con-

sider the cascade
n At P 7
(55) EK' = (N'A",P'(2,,2,|X, ,X,) BxBL)

where




PHz,,2,|X,,X,) = .yZAn P(Z,,2,]7)Q, (¥]|X,,X,)

?m(x1) and P2n(X2) be two probability distributions o Define

PHX,,Xy52,52,) = P22, X,,X,)P, (X)P, (X

12722 2)

lerive from it Pn(Z1|X1), Pn(Zleé), Pn(Z1), and Pn(Z2 he usu
Let
Pz |x,)
I (P .4,) = E |log, ——
13" 1n? 2n 2 Pn(Z1)
Pz |x,)
I (P Q) = E |log, —2—2"
24 1n? 2n n o8, Pn(Zg)

: the expectations are taken with respect to (57). Def:

:q,)):

]
p, and P2n are p.d.'s on Ay,

C7(g,) = {(F]4(P ,Q,) 575, (P

1n° 2n n 1n? 2n

define

"4 ci(q,)




the union is taken with respect to all pure (2s,1r)-channels E? of

Q
orm (5k4). Let

G? = co(C?).

G? is essentially the inner bound of Kn, as given by Theorem 2, ex-
that in (61) we have restricted the union over those Qn for which
nput alphabets are equal to the given set A", In view of conjecture 1

nay make no difference.

let

n—
KI =

inally define

SR
re have

heorem 3: (i) The region G; is a closed convex region in the
lean plane.

(ii) The region G; is the capacity region G(P,T..,I).

12°

roof: (i) This part is fairly standard. The convexity is immediate,
precise proof of the fact that G; is closed can be given along the

of the proof of Lemma 2 of [12].




L3

(iia) Let (R1,R2) € K? for some m > 1. Then (mRT,mRZ) € G?. Let

), 0 < A1,A2 < 1. By Theorem 2 there exists for k sufficiently large a
],MZ,A1,A2)—code for X' in situation (P,T12,I) such that
M. 22 1=1,2.

code is directly translated into a (km,M1,Mé,A oAy )-code for K. It

sws that, for any € > 0, there exists for n=km sufficiently large an

M A ,A,)-code for K in situation (P,T.,,I) such that

1’ 2) 12?2

n(Ri-e)
M, 22 i=1,2.

v

statement for general »n is proven along the lines of Theorem 5.5.1 of
or Theorem 8.1 of [15]. Hence G c G(P, T,5s1 ).

(iib) Let (R1,Rg) e G(P I). Let € > 0, 0 < A,,A, < 1. Then there

12’ 1272

;s for n sufficiently large an (n,M1,M2,A1,A2)—code for K in situation

12,I) such that

1 .
nlog2 M% ;=Ri_€ 1=1,2,

;note a code like this by the system (10). We can find letter-sequen-

Y ’vM ; all in An, and a pure parameter-channel

¢1,...,uM 10"

_ n A" * n
Ege = (WSA",Q0 (7]x,,%,) A")




that Q*(Y|u.,v.) = 1 whenever Y = w... Consider the cascade En*Kn.
n- 1 g g @

ystem

{ui,vj,Bi,Dj|i=1,...,M1; J=1,.. .M}

(1,M, ,M A sA.)-code for EZ*K” in situation (P,T..,I). Let P?n(X ) =

172 2 222 1
. e * -1 = —y . A
if X1—ui,7,—1,...,M1 and let P2 (Xé) , if X, vj,g 1,...,Mé. It fol-
from Fano's Lemma applied to (P, 22, I), as is shown in Theorem 7.1
5], that
) 5(P] Ph 5@0) + 1
1 M < 137 1n? 2n
8 M1 = T=A
*
e 1 < o (PiyPops@,) * 1
8 o = T-A .

for all § > O, (R1—6,R2—6) € GI. Since GI is closed, (R1,R2) € GI'

fore, G (P T12, ) © G; which completes the proof.

‘onjecture 3: We conjecture that in (68) the letter-sequences

coly, 3 D

; s++s5V,, can be chosen in such a way that Q* is a product-
M1 1 M n

2

21, or at least that it suffices to restrict attention to parameter-
21s of this kind. If this is so, one may proceed to derive from in-
ities (70) and (71) an outer bound on GI(P,T12,I) in terms of single

3 and outputs to the channel only, in the same way as it was done in

*or the case (P, TppsI I). (See also [1]1, [2], and [17] in this regard.)
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IV. RANDOM CODING THEOREM FOR (P,T.,,II)
A. Mutual Information Functions

Let again be given the d.m. broadcast channel X = (A,p(z1,32]y),B1XB2),

a parameter-channel Eq = (AXA,q(ylx1,x2),A), and the cascade EqK =

(AXA,p(z1,zglmT,xQ),BTXBz) whose transmission probabilities are defined
as in (4). Let p1(x1) and p2(x2) be two probability distributions on A.

Define

and derive from it p(z1|x1,x2),p(z1|x1),p(z1ng),p(zglxz),p(z1), and p(z,)
in the usual way. Define the following mutual information functions.

p(z, |z, ’“’2)—

1og, p(z1|x2) ~

p(z, |z, ’”2)—

(7h) Re(p1,p2,q;31) = E | log, —ETETF;;T—_

p(z, |z, ,z,)

I
™

and
. 1 . =

3s defined in (22). Here, all expectations are taken with respect to (72).

Let 0 = (P,Q) be a finite collection of triples




o o

{(p1,p2,qa):a=1,...,d}
2 (AXA,qa(y]x1,x2),A) is a parameter-channel, and p? and pg
ity distributions on A. Also, let v = {v(a):a=1,...,d} be a

istribution on o. We associate with every pair (o,v) a tripl

B(o,v) = (B, (0,v),E,(0,v),E(0,v))

d
R1(0,v) = 021 v(u)R1(p?,pg,qu;B1)
~ . —-d o o d 1 a
Ry(0,v) = min 2 v(a)R, (P sp55q,3B,) Z v(a)R ,(p,
a=1 o=1
- d 0 .
R(o,v) = a21 v(e)R 5 (pyp55q,3B,) -

FiI(B1’82) = {ﬁjﬁ = ﬁ(o,v) for some (o,v)}.

~

> ~ o~ ;
swvery B = (R1,R2,R) € FII(B1’B2) define

GII(ﬁ) = {(R,:R,) | R, <R, R, < &_ for s=1,2}.

8

Il o~

s=1




1ly define

G = § \/ GII(ﬁ)'
eFr1(By,By)

emark that GII’ like GI’ is a closed convex region in the Euclidean

a
T

ure Parameter—Channels

We may specialize the collection ¢ to contain only pure parameter-
. * .. . .
1els. More precisely, let 0* = (P,Q ) be a finite collection of tri-

{(p?,pg,q;):u=1,...,d} as defined in (T7), but now such that each

3 a pure parameter-channel. Define

F;I(B1,32) = {ﬁ[ﬁ = ﬁ(o*,v) for some (d*,v)}.

we have

Theorem 4: It suffices to take in (8L4) the union over all P belong-
*

0 FII(B1’B2)' Thus

>

G..(R).

G IT

II = *

e Fr1(B.,B,)
Proof: We need to show that every GII(ﬁ(o,v)) is contained in some
(c*,v')). This is indeed so, because there corresponds to every (o,v)

»air (o*,v') such that ﬁ(c,v) < ﬁ(c*,v'). This follows from the con-




e

>1,p2,q;32) as functions of their transmission probabilities in the

way as in section IIIB,

e Main Theorem

Theorem 5: The region GII is contained in the capacity region
12,II). Thus

G&I c G(P,T12,II).

Proof: Our proof combines aspects of the random coding proof given
lswede [2] for (P,T22,II), and the one given by Bergmans [L4] for the
ded broadcast channel. Ahlswede's approach is based on the use of
tationary sources (see also Ulrey [12] for generalizations). We shall
" this approach over to the non-degraded broadcast channel. Our ran-

oding proof is really one for (P,T,,,III).

22°

Let (R1’RE) e G Then there exists a triple ﬁ(o*,v) € F;I(B1’B2)

I1°
that

R <R (o ,v) for s=1,2;

~ *
R +R, < R(o ,v).

Let € > 0, § = /b4, 0 < A1,A2 < 1. We can find a positive integer




, and a collection of triples

* t t =%
of = {(p1,p2,qt):t=1,...,n}

that
A(ﬁ(o*,v),ﬁ(cg,v')) < 8§

v'(¢)=1/n3t=1,...,m; and A(.,.) denotes t :lidear

-space. This implies that

n n
.1 t t *x 1 t T
R2 < min [7’1 tz Rg(p1 ’p2’qt’B‘])’n tZ p1 :p23

t t
Rio(pisp5sq,3B,) + 6.

1
R1+R2 < n 1

e

“hoose the integers M, and M, such that

n(Rs-s) n(Rs—e)

< < =
2 < Mé <2 + 1 s=1




Pgn(Xz) = |
t
Q (Y|x
¥ =(x1 xn) e A
(R B el
ne
Pn(Z1aZ2|X1

e P(Z1,Z2[Y) is de

Pn(Zz) =

define

232y) =

define

N ok

(%) ,2h)
t 1272
X ;,...,xg) € An, Y=(y

*
YEA” P(Z1,ZQIY)Qn(Y|X1,

by (1). From it derive

Pn(Z1IXﬁ’Xé)P1n(X1)

(2,]x,)P, (X,).

2

Pn(Z2[Xé)
2 Pﬁ(zz)




t
¢ p (2,]=))
(101) I (x2;22) =log, —Fp t=1,00. .73
p(2,)
where
t * t t
(102) p (2,,2,,%,) = yZA p(zely)qt(yl:zc1 NI HERHENE
Clearly
1 8 ¢ ¢t ¢
(103) I (X,32,) = - t; I (2532,
for X2=(x;,...,xg) € An, and Zz=(z;;...,zg) € BZ.
Moreover
(104) ELI (X,32,)] = + 7§ R (p.pt.q%3B,)
n T2l T L T1atPyoPaedyity )

Consider now the following random coding scheme. Select M1 cloud cen-

ters u1,...,uM
1

select M, cloud centers v, ,...,7, (all in A™) independently drawn (from
2

2 ! 1
sach other and from the Uy s) according to P2n(X2

(all in An) independently drawn according to P1n(X1)' Also

). If the message pair
(2,4) is presented for transmission, and the set of cloud centers

. *
{u1,...,uM1; 01,...,UM2) is randomly generated, and Qn(wijlui’vj)=1’ then
the codeword wij is transmitted over the channel.

The decoding set for user U, if message pair (Z,j) is sent, is de-

10ted by Bij’ and defined by
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_ n ..
) Bij = {Z1eB1l P(Z1|w7:j) > P(Z1|wkl) for all (k,7) # (£,4)}.
probability of error committed by Uz1 in decoding message pair (Z,J)

for the given set of cloud centers, denoted and defined by

Jw..) = 1-P (B..|lu.,v.).

u1(7”‘7) = 1—P(Big o n'\-ig z’vg

expected value, over all sets of cloud centers, df the arithmetic
age probability of decoding error made by Uz1 equals the expected

e of u1(1,1), which is denoted by ;:TT?TT. It is an immediate conse-
ce of the results of Ahlswede [2], and those of Ulrey [12], that

:77 tends to zero as n tends to infinity, whereby n is an integer-

iple of n_.. The result for general n follows easily.

§
Next we investigate the probability of error for sending to Uz2' Let

R2+E[In(X2;ZE)_]—36

— n .
) 8(zy) = 4K,k | I (X,32,) > .
jefine
g
1 if X2¢S(22)
0 otherwise.

1e the decoding set

) Dj = {22652 | UJGS(Z2); UZ¢S(Z2) for all I#j}.




The probability of error in decoding message j by UéE is for the

of cloud centers denoted by

(109) uy(2,4) = 1_P(Djlwij) = 1-F, (D, U305

Clearly, uz(i,j) is bounded above by Pé1)(i,j)+P£2)(i,j) where

(110) PV (2,4) = ZEZBZ P2, )d(v.,2,)
and
M
(111) P(z)(i,j) = Yy P2, |w..) 22 (1-d(v,,2,)).
e o, b M) 1222

7=1

The expected value over all sets of cloud centers of the ari
average probability of decoding error made by Uz2 is equal to the

value of u,(Z,7), which is denoted by ug(i,j). Clearly,

(12) (@) < B (a,g) + 2,0,

Now, proceeding as Bergmans in [L4], we obtain that

_—— n
m3) BV < H1 0., < PEACEERR]

The righthand side of (113) goes to zero as n tends to infinity, t

weak law of large numbers for independent, not necessarily identic
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;ributed, random variables. The variance of It(xg;z is bounded uni-

2)
11y in t. This follows from the remark on p. 123 of Wolfowitz [181].

Jlarly we obtain

n(26-¢) —ne/2°

) PP (s,5) < 2 =2
Hence u2(i,j) tends to zero as 7 tends to infinity, when »n is an in-

sr-multiple of n.. The result for general n follows readily. This shows

5

)-code for (P,T..,II) for n sufficiently

existence of an (n,M Mé,k

12 1’A2 12°
;e with M, and M, satisfying (93). Hence (R1,R2) € G(P,T12,II) and

c G(P,T12,II). This completes the proof.

Conjecture 4: In defining o (see (TT7)) we considered triples
,pg,q) such that Eq = (AxA,q(y|x1,x2),A) is a parameter-channel with
It alphabets equal to the given output alphabet A. We conjecture that
region GII does not change if in (84) we take the union over those
ich arise from pairs (o,v) such that some Eq = (A1xA2,q(y|x1,x2),A)
. general input alphabets A1 and A2. The fact that it suffices to re-

ct to a =min(a,b1,b2) seems to follow in the same way as in Gallager

2
A possible proof of the conjecture that it also suffices to restrict

:1=min(a,b1) may be given along the same lines.

'omparison With The Degraded Broadcast Channel

It is interesting to note what happens to expression (86) when the
dcast channel K is assumed to be degraded. According to Bergmans [U4]

by the following is meant. Let K1 and K2 denote the marginal channels




e transition probabilities are defined by (2) and (3) respec
ay that K2 is a degraded version of K1, if there exists a th

K3 such that K2 can be represented as the cascade of K1 foll

in which case K is called a degraded broadcast channel.

It K2 is a degraded version of K1, expression (80) reduces

~D _ 1,0 a |
) Ry(o,v) = u; V()R 5 (P spy»q,3B,)-

ly, in this case we have

plz, |a,)

1 . 1 . - ————

le cascading process, and
1
nvexity. Moreover, one always has
1
R1(P1sposasBy) + Rip(py5p55q38,) = Ryy(pyp,sa3B,)
at in the case of degradation
1
R1(P1:PoasBy) + Byp(pyppsq3By) < Ryp(pap,5438,).

Nith every pair (o*,v) we now associate the pair




L CU R CARD IV {CURO N

we set

) F0.(8,,8,) = (£ | B=#(c",v) for some (c*,v)}.
every B=(%,%0) ¢ F.(B,,B,) we define

) G?I(ﬁv) = {(R1,R2) ] R, < J~?1,R2 < Ng}

11y we define the region

D D 2D
) Gy = b DU GII(ﬁ ).
% eFr1(B.,By)

It follows from (115) and (119) that in the case of a degra
channel GII reduces to G?I' Another way of characterizingG

ows. For every pure parameter-channel Eq* = (AXA,q*(y|x1,x2)

*y * 1 * .

p, and p, are p.d.'s on Al.

let

(@}
H
—

1

(e
%

(@]
H
H

—~

Q
~—r
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where the union is taken over all pure parameter-channels Eq*. Clearly

(126) G = co(C

II II)'

We claim that the region co(CII) is precisely the region of attain-
able rates obtained by Bergmans [4] for the degraded broadcast channel
with two components. This can be seen as follows. Every triple (p1,p2,q*)
with Eq* = (AXA,q*(y|x1,x2),A) determines a pair (p2,p) whereby p is the
transition probability of an artificial channel Ap = (A,p(y]xg),A) with
p(ylx2) given by (45). Conversely, every pair (p2,p) of this type can be

written as a triple (p1,p2,q*) according to the procedure described at

1}

the bottom of p. 392 of [9], whereby Eq* (A1XA,q*(y|x1,x2),A) and

a, = a?. The pair (pe,p) can be considered as representing the two para-
meters of the Cover-Bergmans random coding scheme, with p being the tran-
sition probability of an artificial satellizing channel Ap, and p, being
a probability distribution on the inputs of Ap. It follows that every pair
of rates which is attainable according to the Cover-Bergmans procedure is

attainable with our procedure, and conversely, with the proviso that in

the definition of G

D =
II’GII’ and CII we allow parameter-channels E&* =

= (A1xA,q*(ylm1,x2),A) such that a = . However, in view of Conjecture

L, we believe this makes no difference.

E. A Limiting Expression For G(P,T12,II)

In analogy with the case (P,T12,I) we now derive a limiting expres-

sion for G(P,T12,II). As in section IIIF let K' denote the memoryless
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sension of the broadcast channel X = (A,p(z1,22|y),B1XBe), and recall
sssions (54), (55), (56), and (57). We define mutual information func-

5 as follows. Let

. Pn(Z1|X
) R1(P1n’P2n’Qn581) = E log, pn(z |X
Pz |X -
) R(1n Pon9 B)=E loganZIX)
: PY(z,|x,)
' Rip(PyoPpy 0, B ) = E |logy, ———— P”(z )

R12(P 2n’Qn B ) =

I
™
'._..J
o

o
\V}

: the expectations are taken with respect to (57).
When the underlying broadcast channel is K" instead of K, the analo-
of expressions (77) to (83) are easily derived, and therefore will be

;ed here. We define GZI as being the inner bound of the capacity re-

of the d.m. broadcast channel X' in situation (P,T,,,II) obtained ac-

122

ng to Theorem 5.




we have

Theorem 6: The capacity region G(P,T12,II) equals the region G;I'

Proof: (a) The proof of the fact that G;I c G(P,T12,II) is completely

ar to part (iia) of the proof of Theorem 3.

(b) The fact that G(P,T12,II) c G;I is proven as follows. Let

) € G(P,T12,II). Let € > 0, 0 < A,,A, < 1. Then there exists for »n

1272
ciently large an (n,M1,Mé,X1,A2)-code for K in situation (P,T

2

12511)

that
Loe, Mi > R.—e ' 7=1,2,

10te a code like this by the system (13). In the same way as in part

of the proof of Theorem 3 we can translate (13) into a system

{ui,vj,Bij,Dj | i=1,...,M1; J=15. 0 My}

ims of a pure parameter-channel EZ* for Kn such that Q;(wijlui’vj) =

'he system (13k4) is a (1,M1,Mé,A1,A2)—code for the cascade EZ*K” in

ion (P,T22,III). As before, let PTn and P;n denote the uniform dis-

ions on the sets {u.,...,u4,, } and {v se+e5V, } respectively. It fol-
1 M1 1 Mé
rom standard results on weak converses for multi-way channels (see

21, [121, [15], and [17]) that




*

) (1—)\).'!.og2 M1 éR1(P1n 2n’Q B ) + 1
. *
) (1-)\)log2 Mé < min {R (P1n Pgn’Q B )+R 12(P1 2n’Q 3B )]

) (1-A)log, MM, < R ,QB)+1

1n’ 2n

3 easily concluded that, for any § > 0, and for all n sufficiently

and all € and X sufficiently small,

B}
-9

) (nR,-n§,nR,~n8) e G?I.

implies that (R1—<S,R -8) € G._ for all § > 0. Since GOIOI is closed

2 IT

ws that (H1 =R2) € GOJE,I' Therefore G(P T12, I) c G;I, which complet

»roof.
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V. RANDOM CODING THEOREM FOR (P,T I1I)

12?

A. Mutual Information Functions

Let be given the d.m. broadcast channel X = (A,p(z1,32|y),3

parameter-channel Fq = (A XA xA ,q(ylx ,x2),A) of type (P,T

1°% »T31)
cascade FqK = (A1XAOXA ,p(z 2,3, |x1,x0 2) B XBZ) whose transmissi
bilities are as defined in (7). Assume A1 = AO = A2 = A, and let

po(xo), and p2(x2) be three probability distributions on A. Defin
(139) P53y 5%,5252,) = p(z1,32|x1,xo,xz)p1(x1)po(xo)p2(x2

and derive from it p(z |x1,x )s p(zelxo,xg), p(z1|x1), p(z1|xo),;
(z2lx2), p(z1), and p(zz) in the usual way. Define the following

information functions.

-

2 (2 l961"”0)

2 —
(141) Rgo(p1,po,p2,q,81) =E log2 —ER;—Tzrj__

pla, |z,

tog, p(z2 x2

|
™

1
(1k2) R,0(p 5Py Py »q3B,) =

plzyz, 2,)

1 -
(143) R1g(p1,po,p2,q,32) =E log, ___E;TEE——_

| ) Z1Ix‘]’x0)
C14L) B3 10(PysPgP,sq3B,) = E loge'_"fETETT———




p(z |z, ,x,)
1 _ 2% %o
) Ri0p(P19Pg:Pp:43B,) = E |log, p(z,) |’

, all expectations are taken with respect to (139).

Let o = (P,Q) be a finite collection of gquadruples

) {05205 »Pgsq,) 10=15- - - d}

> (AXAXA,qu(y|x1,xO,x2),A) is a parameter-channel of type (P,T31),
?8° and pg are probability distributions on A. Also, let v =
(a):a=1,...,d} be a probability distribution on o. With every pair
) we associate a quintuple

(o,v))

) B(o,v) = (B,(0,),F (0,9),Ry(0,9),R, (0,v),R

2 02

w

d
— _ 2 o _o _o .
) R1(O,V) = 0(21 V(G)R21(p1spoap25qa981)
) B (0,v) = mi fv(mg(“““ ,B.)
0 7o/ TR | L ViITa0tPP P35 s

d
1 a o o .
T @R (852 5,55 |

d
— 1 o 0 O
) Bylosv) = ] v(a)R,(pyspgapysq,38,)

oa=1




QN

(151) Biplosv) = a§1 “(“)R§1o(p?’pg’pg’qa531)
and
d
(152)  Roplow) = [ v(a)R] (B} D805, 3B,)-
Set
(153) III(B »By) = {R|%& = B(o,v) for some (o,v)}.

For every £ = (B.,B ,R. ,B. B ) ¢ F

YT P PPN (31,32) define

ITI

1

(154) 6o (B) = {(R 15Bos O)l 2 R<R,., Zo Ry <R s R <E_ for §=0,

Finally define

(155) 6. = \J 6.__(B).

Clearly, GIII is a closed convex region in Euclidean three-space.

8. Pure Parameter-Channels

* * . . .
Let 0° = (P,Q") be a finite collection of quadruples
* N .
[(p?,pg,pg,qa):a=1,...,d} as defined in (146), but now such that each q;

-S a pure parameter-channel of type (P,T31). Define




* <~ < <
F17(By»B,) = {R|R = R(o
we have
Theorem 7:
G.._ = \J ¢
L %.¢* (8.,8,)
IIT 122

Proof: Follows from convexity

e Main Theorem
Theorem 8:

GIII c G(P,T12,III).
Proof: Our proof is a direct
by Ahlswede [2] and Ulrey [12
y. In addition, the proof of t
m coding proofs for (P,T21) an
(See also [15] in this regard.
ny details, because of its len
ved. We remark here that our r
e for (P’T32’II)'

Let (R.,R.,R.) € G Let & >

1272270 IIT”

.nteger n=ng s and a collection

‘or some (0*,v)}.

. the proof of Theorem L.

ation of the random codi

(P,T,,,II) and (P,T,,,I)

222 32

eorem involves some aspe
22,1) given by Ahlswede
hall only sketch the pro
d the complexity of the

coding proof can also be

d 0 < 8§ < g, There exist

wdruples

65

of's
ec—-

" the

»Si_
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(159)

such

(160)

(161)

(162)

(163)

and

(164)

(165)

Define

(166)

and

O; = {(p13p09p2’qt) t=1 ,...,n}

l g 2 t t t *B)
n : 21 p13p03p29qt3

R L, Te0'PrPooPoras 3B
n
1 t t t %
<% __2_ 12 p1’p0’p2’qt’B )
n
1 2 t t t *
E1+RO < n tZT R21o(p1 apoapz,qt:
n
) l 1 t t t *
O+R2 < n 7‘:21 102(p1’p0’p21qt:

integers M, ,M_, and Mb such tr

1722
n(R_-¢) n(R -¢)
s <M <2 s + 1
s
n
- t, t
sn(Xs) - g ps(xs)
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. n 1 n n
. re S)eA;s=o,1,2;andY=(y seeesy ) € AT,

Consider now the following random coding scheme. Select M1 cloud cen-

Upqsees sl 1M in An, independently drawn according to P1n(X1)' At the

time, select M cloud centers uo1,...,u0M in A , independently drawn
0

ding to POn(XO)' Also, select M, cloud centers u21,...,u2M2 in A" in-

dently drawn according to Pgn(Xg)' Moreover, choose the three sets of

. centers independently from each other. If the message triple (Z,4,k)
esented for transmission; 1 < 7 < M1, 1<4<M,,1<k< Mb; and
u1i’u0k’u2j) = 1 for some Y € An, then the codeword wijk = Y is trans-
d over the channel. (There are various interpretations of this random
g scheme possible in terms of a satellization process, depending on
rent choices of the satellizing channel.) The decoding sets correspond-
o this random coding scheme are defined as follows.

The decoding set for U_, if message triple (Z,j,k) is sent is denoted

21
and defined by

k
" Mé M2
Bik = {Z1€B1| 321 P(z |w£gk 2n(u2j) 7 JX B( 1|w$ Jk') 2n(u2j)

for all (2',k') # (Z,k)}.

Similarly, the decoding set for Uz2 is denoted and defined by

M1 M1

= {2 eB2| z P(Z lwwk i n’) > 121 P(Zzlwij,k,)Pm(um)

for all (j',k') # (4,k)}.
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Let
(170) u (2,4,k) = 1—P(B7:k|wijk)
and
(171) uy(Z,4,k) = 1—P(Djklwijk).

Denote by us(i,j,k) the expected value over all sets of cloud cen-
ters of us(i,j,k); 8=1,2. It is an immediate consequence of the results
of Ahlswede [2] and Ulrey [12] that us(i,j,k) tends to zero as »n tends to

infinity. This completes the proof.

D. Comparison With GI And GII‘

We now comment on how Theorem 2 (expression (38)) and Theorem 5 (ex-
pression (8T)) can be obtained directly from Theorem 8.

Suppose in communication situation (P,T12,III) we set RO = 0. Then it
is not possible for Uz1 and Uz2 to decode conditionally on the message k
received. This corresponds to using in the mutual information expressions
(147) through (152) only those pairs (o,v) such that Py assigns probabil-
Lty zero or one to every single input letter z.. Let o

0 0
ite collection of quadruples as defined in (146), but now such that pg =0

= {PO,Q}'be a fin-
x 1 for o=1,...,d. Let

£(0)

172) ITT

(31,82) = {§OI§O = ﬁ(co,v) for some (oo,v)}




(0) _ %
) GIII - . (J}v/ GIII(RO)'
RyeFr11(BysB,)

it is easily verified that

- (0)
) G, = {(31,52) | (R sR,,0) € i B

Similarly, we can derive the expression for GII

present section. Suppose, in situation (P,T I

12’1
I = I = = 1n1i
R1 B1 and R2 Ro. Let o, {P2,Q}'be a finite

es as defined in (1L46), but now such that pg =0

) Fﬁi%(81382) = {§2[§2 = ﬁ(cg,v) for some (
) cl2) . \J G (&),
111 . () 111
peFr71(By58,)

s easily verified that

- (2)
Gy = {(B{sR3) | (B{:0.R}) € Gri1}.

~




Limiting Expression For G(P,T.,,III).
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We can derive a limiting expression for G(P,T12,III) similar to those

ned for G(P,TTQ,I) and G(P,T12,II). Omitting the definitions of the

1 information functions involved, we define directly G?II to be the

' bound of the capacity region of the d.m. broadcast channel X' in

tion (P,T12,III) obtained according to Theorem 8. Let

n G?II 7
Kii1 = =5 = {(31’Ré’Ro) | (nRysnR,nR,) € G }
00 ha "N
G111 Y Kirr:
n=1
ve have
Theorem 9:

&P,T,,,III) = G .

roof: The proof of this theorem is omitted, as it is completely

jous to the proof of Theorem 6.
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